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1
Introduction

Knowledge Representation (KR) is an interesting field of Computer
Science. It is also a very important branch of artificial intelligence.
In the vastness of the computing field, there are surely some com-
puting people whose training did not include KR as part of their
educational program. Some of these people might get interested
in this field one day. That was somewhat my case. I too am a late
comer to the field. To get the grounding right, dealing with logic
systems is then inevitable since it is the basis of KR systems. After
working in the computer industry for a long time, I returned to the
study of mathematical logic, a subject I took during my undergrad-
uate years. Unfortunately I got confused when I returned because
I heard certain statements made about logic that seemed contradic-
tory to me. This was particularly true of First Order Logic (FOL) or
the Predicate Calculus (PC).

For example, How can FOL be complete and only semi-decidable(to
be discussed later)? I asked the same question but in a maths forum,
a commenter asked this same painful question also. I was just as
buffled as that commenter. Like that user, I wondered too.

Even more baffling for me is the reality that some mathematical
theories which of course use FOL are incomplete, despite FOL
being complete.

The above are enough to make one disillusioned. What is going
on in here? I felt like a boat at sea without a sail, and without a
rudder. This puzzling situaion can be attributed to the results of
Kurt Gödel’s theorems. However, we should not blame him for the
nature of things. The possible source of confusion might be the
generalizations made about FOL. We are not alone, Gödel’s results
confused Bertrand Russell too,

Figure 1.1: Kurt Gödel

Sometimes I suspect computer scientists add more to this con-
fusion. It is true that when attempting to simplify the communi-
cations of ideas some generalizations may have to be made. Some-
times though, this has the bad side effect of confusing rather than
clarifying matters. It can really make things more confusing to the
first timer.

Another part of the problem is that not every computer scientist
talks in the same level or page, it all depends on how one has been
taught and from whom (s)he learned the concepts. For sure, some
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employ loose terms or terminologies. This phenomenon plays up in
physics too.

In mathematical logic, textbook authors present the logical sys-
tem in various ways and they define differently the concepts be-
cause their intent is to make things efficiently understood by the
reader.Every expert then wants to throw his/her own spin when
the subject is presented. The aim is simplicity, a worthy virtue to
aim for. There is a danger though when over done, what results
is more confusion rather than clarification. Quite simply, there are
some ideas that can not be brought down to bear knuckles because
in the process of doing so, the reader gets a misrepresentation of
what is involved.

This tract is a compilation of notes to clarify for me the mysteries
I encountered as I continue to study this subject. So if you are like
me who has fought bouts of confusion, then I hope you will find
this tract useful. I would appreciate it if you could comment by
email on how I could improve the readability of this short tract.
I want to increase the value of this little track so I welcome any
inputs from you both positive and negative. The references at the
back of this tract were used as a source for the contents found here,
I give credit to these authors and I certainly recommend their work
for further reading. Obviously this is not a full treatment of the
subject, after all who needs another book on mathematical logic?
We already have an over supply of that.

This booklet serves more like a guide in the process of reading
or learning from those books. In this tract, the technical words are
emphasized with some being defined while are just assumed. For the
cases when some special jargons are not elaborated, then they are
left for the reader to chase through in the references. At any rate
and overall, I am responsible for any inaccuracies or errors found in
this little booklet and I would appreciate it if you call my attention
to such errors.



2
Logical Systems

The basis for Knowledge Representation Languages is always a
logic. A logic tells how statements are formed and what meanings
are to be attached to the said statements. It also speaks about what
may be inferred or what new information can be extracted from
previous ones. A logical system always has the following compo-
nents:

1. Syntax - shows the rules of how statements are formed in a
formal way. Hence, like in linguistic theory, this is the grammar
of the language. These rules tell us what is a well formed statement
in the logical system. Simply put, it is a statement that legally
follows the rules of formation.

2. Semantics - tells one how the statements are to be interpreted
in reference to reality or the world. In programming languages,
the interpretation of the statement is carried out by the actions
performed by the processing unit. Based on the language rules,
the one interpreting the command tells the processing unit what
actions to do. This is not the case in KR, rather the interpretation
of the language hinges on certain objects or entities being present
in the real world or domain of concern. These objects are the
context of the statements and in reference to them and their
properties, a statement is said to be TRUE or FALSE.

3. Calculus - the rules on how new statements may be derived,
produced or generated based on previously given statements.
Some call this the inference rules. It is also called a proof theory of
the logic or language.

The three components must be present on order to be called a log-
ical system. For example, the Unified Modeling Language (UML)
used in software engineering is not a logical system and was not
sold to be one. UML has syntax but it does not have a robust se-
mantics. The so called semantics of UML is described informally
and so may lead to ambiguities. UML does not have a calculus and
even if it does, since it does not have proper semantics we would
not know how good or decent it would be if it were a logical sys-
tem. We focus now on First Order LogicFOL.
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2.1 Syntax

1. composed of logical symbols - like (,)→,¬,∧,∨, x, y, z, x1, x2, y1,
= etc.

2. composed of parameter symbols - quantifiers like ∀, ∃, predi-
cates like P(x, y), Q(x1, x2, ...xn), functions like f (x), g(x, y), h(x1, x2, ...xn)

and constants like a, b, c, c1, c2, ...cn etc.

The foundational building block of a statement in FOL is the pred-
icate. A predicate is an assertion like "John is a man". This can be
represented symbolically by M - being a man. So John is a man
may be translated as M(John). This is the notion of an atomic pred-
icate, a predicate that can not be broken down anymore. Like in
maths, there are ideas or words that we can not go on defining fur-
ther. An example of this is the notion of a "point" in Geometry. In
Geometry, this concept is taken for granted and is not further de-
fined. Issues of how big is a point, what is its color and other prop-
erties etc. are left undefined by the geometer. Such questions no
longer fall under mathematics proper but in philosophy of math-
ematics. There are similar questions like this in logic as well but
they fall under the philosophy of logic and is outside logic. From a
KR view these predicates must be declared at the start but without
further definitions or further breakdown. The atomic predicates are
the building blocks of a any Knowledge Base. Inside those predi-
cates are terms. M(John) is an example of the form P(t1, t2, t3, ...tn),
where t1, t2, t3, ...tn.

Example
Let P, Q, R be predicates then by the syntax rules, a statement

may be formed that looks like this:

∀xP(x)→ ∃y∀z(Q(y, z) ∧ R(z, y))

2.2 Semantics

1. In FOL the truth or falsity of a statement is governed by a do-
main or realm of discussion. Here it is dictated by a so called
structure. The idea in general is to feed the statement into this
structure and it pops out TRUE or FALSE as the case may be. The
structure serves as the context in which a statement in the syntax
is evaluated for truthfulness or falsity.

2. The structure has several components and is normally depicted
as U = 〈|U|; P1, P2, ..Pn, f1, f2, .. fm, c1, c2...ck〉. This structure is ac-
tually a function in itself whose domain is the set of parameters
(defined above) such that it assigns to ∀ the universe/population
elements of U which is denoted by |U|; to n-place predicate Pi,
PU

i ⊆ |U|n; for each constant ci, a member cU
i ∈ |U|; to n-place

function fi, an operation f U
i such that f U

i : |U|n → |U|.

3. This is not yet enough because we have not defined how we
interpret the variables x, y, z etc. We define this to be s : V → |U|
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where V is the set of variables in our logical system. Now the
system’s terms may now be defined by extending s to s : T → |U|
where T is the set of terms noting to us that s(t) ∈ |U|. Note
that variables, constants and functions are terms so s is defined
recursively below:

(a) For variable x, s(x) = s(x).

(b) For each constant c, s(c) = cU.

(c) For terms t1, t2, ...tn and f an n-ary function, s( f (t1, t2, ...tn)) =

f U(s(t1), s(t2), ...s(tn)).

4. Satisfaction or Truth. Let ϕ be a well formed formula in FOL, it
is said that ϕ is TRUE in U, written U |= ϕ[s] under the following
conditions:

(a) For ϕ is t1 = t2, U |= (t1 = t2)[s], iff s(t1) = s(t2).

(b) For ϕ an atomic predicate P, U |= P(t1, t2, ...tn)[s] iff 〈s(t1), s(t2), ...s(tn)〉 ∈
PU. An atomic predicate is a predicate we can not decompose,
the buck stops at these predicates, as mentioned previously.

(c) For ϕ being ¬ψ, U |= ¬ψ iff U |=2 ψ[s].

(d) For ϕ being θ → ψ, U |= θ → ψ iff U |= θ[s] we get also
U |= ψ[s].

(e) For ϕ being ∀xψ. We need a notion of the ψ being TRUE at all
members of |U|. For x free in ψ define

s(d/x) =

s(y) if y 6= x,

d if y = x

Then we say U |= ∀xψ iff U |= ψ[s(d/x)]. In this case since by
simply considering ψ on its own, x is not bounded, we simply
check if after substituting every d for x, ψ is made TRUE by
U. For more precise rendering of this situation, the topic is
covered by the concept ”d is substitutable for x in ψ”.

Here we encounter at first go, a source of confusion of what a model
means. I like what Enderton 1 did, first he describes what a struc- 1 Herbert B. Enderton. A Mathematical

Introduction to Logic. Academic Press,
525 B Street, Suite 1990, San Diego,
California 92101-4495, USA, 2001

ture is and only then he brings up what a model is. Some authors
have followed this tact. Other have dubbed the structure with the
name interpretation. Note that a structure is not necessarily a model
for a statement. A structure is a model if the statement is true in
that structure. Some authors do not do this, instead they jump on
straight away to tell what a model is without even mentioning the
notion of a structure. The confusion is when they speak of a model
not satisfying something. I believe this causes confusion in ter-
minology. Following Enderton ’s usage then, either the structure
makes the statement true or false and if it does the former, then
the structure is a model. Hence, if M is a model for ϕ then ϕ is true
in M. If it is not, then it is not a model, it is a structure alright but it
is not useful for that purpose for it does not satisfy the statements.
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2.3 Calculus

The Calculus. Another name for this is the proof system or theory
of the logic. There are two kinds or styles, there is the deductive
system and then there is a refutation system. One can define either
of these to be used in the logic. For the deductive style, we have
Hilbert’s axiomatic style or Gentzen’s natural deduction or the sequent
calculus style. For the refutation system, we have the tableau calculus
also know as resolution method. The Hilbert style is the style most
people are familiar with in the study of any mathematical theory so
we will use it here. Without knowing it, this was the style we used
in high school when we were taught Geometry. However, many
authors would like us to transition to the natural deduction style as
it has many neat advantages or nice side effects.

1. Logical Axioms Λ (inspired by Enderton 2). This is a set of infi- 2 Herbert B. Enderton. A Mathematical
Introduction to Logic. Academic Press,
525 B Street, Suite 1990, San Diego,
California 92101-4495, USA, 2001

nite formulas that are used in the process of making inferences.
These are assumed to be logically valid. Below are the ones
found in FOL. They are called axiom schemes because it is the
form that counts and hence specifies an infinite set of formulas
that follow the form.

We start with a traditional presentation of Λ which is taken
from Margaris 3. 3 Angelo Margaris. First Order Mathe-

matical Logic. Dover Books on Mathe-
matics. Dover Publications Inc, 31 East
2nd Street, Mineola, NY, USA, 1990

(a) A1. P→ (Q→ P)

(b) A2. (S→ (P→ Q))→ ((S→ P)→ (S→ Q))

(c) A3. (¬Q→ ¬P)→ (P→ Q)

(d) A4. (∀x(P→ Q))→ (∀xP→ ∀xQ)

(e) A5. ∀vP → P(t/v), provided that P admits t for v, i.e., t is
substitutable for v in P.

(f) A6. P→ ∀vP, provided v is not free in P

We assume we have equality and so we have the following axiom
schemes too, still from Margaris.

(a) E1. ∀x(x = x))

(b) E2. ∀x1∀x2...∀xn∀y1∀y2...∀yn((x1 = y1 ∧ x2 = y2 ∧ ... ∧ xn =

yn)→ (G(x1, x2, .., xn)↔ G(y1, y2, ...yn)))

(c) E3. ∀x1∀x2...∀xn∀y1∀y2...∀yn((x1 = y1 ∧ x2 = y2 ∧ ... ∧ xn =

yn)→ ( f (x1, x2, .., xn)↔ f (y1, y2, ...yn))), where f is a function
(i.e. operator symbol)

2. Inference Rules. These are rules that allow us to obtain new
formulas from others. We have

(a) Modus Ponens
α, α→ β

β

(b) AxGen. If P is an axiom and v is free in P, then ∀vP is also
an axiom.
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Some authors like Margaris, do not consider AxGen an infer-
ence rule but rather as part of Λ.

3. Deductions. Assume now that Γ is a set of formulas, we say that
ϕ is a deducible from Γ, written Γ ` ϕ iff there is a finite sequence
of formulas S1, S2, ...Sn such that Si ∈ Γ ∪ Λ or Si is obtained
from previous S formulas before by the use of the inference
rules. If such is the case we also say that ϕ is a theorem of Γ.

4. Meta. This word is often used to denote the concept of being
“above“ or from a higher point of view.Authors like Enderton 4 4 Herbert B. Enderton. A Mathematical

Introduction to Logic. Academic Press,
525 B Street, Suite 1990, San Diego,
California 92101-4495, USA, 2001

make a difference between "proofs" and "deductions". When we
are making inferences using the meta-language which is English
to describe and reason about logic, Enderton suggests to call
this as "proof". Actually we might also call it meta-proof. On the
other hand, a "deduction" then is a purely syntactically based
derivation of a formula from possible premises (like those from
Γ). This is worth noting for theorems about logic are actually
meta-theorems. Meta because they speak information about de-
ductions and about theorems present in the logical system under
study. The main characteristic of meta-proofs is that they use
meta-theorems in their arguments. Whereas a deduction confines
itself to the rules of deduction in the logic under study, meta-
proofs do not. Meta-proofs are broader and can demonstrate the
existence of deductions in the logical system. Some authors do
not like you to use meta-proofs in your inference of a deduction,
but this is very narrow-minded and throws off people who are
just getting their feet wet on mathematical logic. Meta-proofs
should be accepted because they show the existence of a deriva-
tion. That should be sufficient. The intention is for the reader or
observer to work out the details of the derivation by him/herself.

Example. Show that Γ = {∀x(P(x) → Q(x)), ∀zP(z)} ` Q(c).
Before we show a derivation of this, it would be a long winded
demonstration if we did not employ the fact that all tautologies
(statements that are fair enough and always true) of PL are axioms
also of FOL. Doing the derivation by A1-A6 etc will take a long
time to derive this. In fact this is what Enderton did, straight away
he referred to tautologies as automatic logical axioms of FOL. In
what follows the formulas are given without much analysis for by
definition a derivation does not need any explanation, but at any
rate, we will put the justification on the right of the formula. We
readily admit, this may not be the shortest derivation!

Derivation:

1. ∀x(P(x)→ Q(x)), ∈ Γ

2. ∀x(P(x)→ Q(x))→ (∀xP(x)→ ∀xQ(x)), ∈ Λ

3. ∀xP(x)→ ∀xQ(x), MP, 1, 2

4. ∀zP(z)→ ∀xP(x), ∈ Λ, a tautology

5. ∀zP(z), ∈ Γ
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6. ∀xP(x), MP, 4, 5

7. ∀xQ(x), MP, 3, 6

8. ∀xQ(x)→ Q(x(c/x)), ∈ Λ

9. ∴ Q(c), MP, 8, 7

Note that we did not utilize any meta-theorems.



3
First Order Theories

Many logical ideas get cleared when we grasp the notion of first
order theories. Unfortunately computing people who are late in the
game of logic do not get encouraged to focus on this notion, it is
generally taken for granted and assumed to be implied. Yet the
mysteries surrounding logic due to Gödel’s results are cleared by
an appreciation of first order theories. An example of a first order
theory is the Euclidean Geometry we studied in high school. Other
examples might be set theory or group theory etc.

3.1 Definition of Theories

A first order theory is composed of the following:

1. The language of FOL.

2. The symbols found in FOL, namely the predicates along with
=, operations/functions and constants. These are called proper
symbols which we designate by P

3. The logical axioms of FOL, which here we called Λ.

4. A set of sentences/statements, i.e. set of formulas with bound
variables which here we designated as Γ. These are called proper
axioms/non-logical axioms. Some like DeLong 1, refer to these as 1 Howard DeLong. A Profile of Mathe-

matical Logic. Dover Books on Mathe-
matics. Dover Publications Inc, 31 East
2nd Street, Mineola, NY, USA, 1998

initial formulas.

5. The rule of inference is as before, that of FOL.

We must note that some authors define a theory this way: T is
said to be a theory iff T |= σ where σ is a sentence, implies that
σ ∈ T. This manner of speaking is called being "closed" under
validity. The reader might be confused as there are authors who
define it in another way, that of being closed under derivability,
meaning T is a theory iff T ` σ implies σ ∈ T.

It is the idea of a theory that connects logic to real life applica-
tions. Further, it is the idea of proper axioms that is at the core of
this real life connection. For in all intents and purposes, a knowl-
edge base can be thought of as a theory, where a logic is used as its
knowledge representation language.

Some authors like Hamilton 2 say that a theory then "extends" 2 A. G. Hamilton. Logic for Mathemati-
cians. Cambridge University Press, 32

East 57th Street, New York, NY, 10022,
USA, revised edition edition, 1988
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FOL because of the additional proper axioms. The word "extend"
is subject to much interpretations, how I understand it is that these
proper axioms have a way of shaping the resulting system i.e. they
influence the final properties of the resulting system. For example,
proper axioms can limit the models that will satisfy its statements.
If we consider the statement ∃xP(x) → ∀xP(x) to be a proper
axiom, then the only model that can satisfy this is a model with
only one element in its domain (see DeLong 3). On the other hand 3 Howard DeLong. A Profile of Mathe-

matical Logic. Dover Books on Mathe-
matics. Dover Publications Inc, 31 East
2nd Street, Mineola, NY, USA, 1998

the proper axiom ∃x∃y((P(x) ∧ P(y)) ∧ (Q(x) ↔ ¬Q(y))) →
∀xP(x) implies that the models with domain population of two
elements are the only ones that can satisfy this axiom (see DeLong
again). Hence, proper axioms have a way of dictating how the
system eventually pans out. In short, proper axioms have a way of
pulling or pushing a theory in a certain direction.

In studying first order theories, it should be remembered that all
concepts such as deducibility, models etc. are still as before.

Authors like Margaris 4 make things explicit. Say we have a 4 Angelo Margaris. First Order Mathe-
matical Logic. Dover Books on Mathe-
matics. Dover Publications Inc, 31 East
2nd Street, Mineola, NY, USA, 1990

theory T,for deducibility `, Margaris likes to precisely designate
it with `T so as to inform the reader that the derivation comes
from considering the proper axioms of T. You will see this type of
notation in the literature.

3.2 Some Examples

Theory of Groups

1. P := {=, ·, 1}

2. Proper Axioms

(a) G1. ∀x∀y∀z((x · y) · z = x · (y · z))

(b) G2. ∀x(x · 1 = x)

(c) G3. ∀x∃y(x · y = 1)

It is interesting to note that in relation to category theory, the above
axioms are also its axioms if we make the variables x, y, z refer to
functions.

Theory of Rings

1. P := {=,+, ·, 0}

2. Proper Axioms

(a) R1. ∀x∀y∀z((x + y) + z = x + (y + z))

(b) R2. ∀x(x + 0 = x)

(c) R3. ∀x∃y(x + y = 0)

(d) R4. ∀x∀y(x + y = y + x)

(e) R5. ∀x∀y∀z(x · (y + z) = x · y + x · z)

(f) R6. ∀x∀y∀z((y + z) · x = y · x + z · x)
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FOL First Order Logic Itself
FOL itself can be viewed as a theory! This is somewhat not

immediately obvious but we can think of it as a theory with the
proper axioms being an empty set, i.e. no proper axioms just the
proper symbols and the logical axioms and no more. This fact is
quite significant in clarifying some oversimplifications and bad im-
pressions we may have of FOL. When FOL is considered a theory it
is called Predicate Calculus.

Another common misconception amongst computing people is
that FOL is all there is and nothing more matters. They think if it
is not FOL, it is not good enough. However, there are other logical
systems that are quite useful and need not be as expressive as FOL.
In discussions, one should not limit to FOL for it has fragments or
weakened subsets that are of practical use in computing too.





4
The Properties

It is normal to hear labels soundness, completeness, categoricity, ax-
iomitazability, decidability, independence etc. thrown around in the
discussion about logics. The problem is that some of these terms do
not pertain to logics alone but to theories as well. Moreover, these
are concepts that reside upwards, that is, they are meta descriptions
or properties of a logical system.

4.1 Soundness

A logical system is sound if its deductive rules only lead to correct
conclusions (see Enderton 1). Meaning, if Γ is a set of statements 1 Herbert B. Enderton. A Mathematical

Introduction to Logic. Academic Press,
525 B Street, Suite 1990, San Diego,
California 92101-4495, USA, 2001

and ϕ is deducible from it, then ϕ must be TRUE. In textbooks, this
is a (meta)theorem expressed this way:

Γ ` ϕ⇒ Γ |= ϕ

First, the symbol⇒ stands for "implies" and that this symbol is just
an abbreviation for it, and is not part of the language of FOL. In fact
even ` and |= are not part of it. These are meta symbols we use
in speaking about or reasoning about FOL. Hence, the theorem in
actuality a meta-theorem.

There is something more to be said of this meta-theorem. If the
logical system is proven to be in possession of this property, then
we can be assured that if there exists a derivation of a formula
from a set of formulas Γ, then there is a model for Γ, hence that
derived formula is TRUE. This means that in that system, we can
just do a mechanical derivation and when we do arrive at it, we are
guaranteed it is TRUE.

Now comes the pertinence of the proof system used in the log-
ical system. Looking again at the meta-theorem, that symbol, `,
speaks of it. What we mean is that soundness takes place with re-
spect to the proof system being used by the logic. In other words,
the logical system is sound in reference to the inference rules used
by the logic. That is the context where in this discussion takes
place! Hence, a logical system may have this or that property in
reference to its proof theory (i.e, its calculus)
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For a logical system to be useful, it should have at least the prop-
erty of soundness.

4.2 Consistency

Γ is consistent iff it cannot deduce a contradiction, i.e., symbolically,
Γ 0 6 ϕ ∧ v or it does not prove falsehood, i.e.,Γ 0 ⊥. This is the
usual way authors define consistency. Here ϕ is a formula that
need not be a sentence. Actually this is a syntactic definition of
consistency since it makes reference to deduction. For theories,
this is also known as negation consistent according to Margaris 2. 2 Angelo Margaris. First Order Mathe-

matical Logic. Dover Books on Mathe-
matics. Dover Publications Inc, 31 East
2nd Street, Mineola, NY, USA, 1990

Further there is also the concept of absolutely consistency, meaning
there is at least one formula φ of the theory that is not a theorem of
the theory.

There is a semantic definition of consistency that says Γ is said to
be consistent if has a model, hence, it is possible for it to be TRUE

(see DeLong 3). Consistency plays a very big role in the process of 3 Howard DeLong. A Profile of Mathe-
matical Logic. Dover Books on Mathe-
matics. Dover Publications Inc, 31 East
2nd Street, Mineola, NY, USA, 1998

establishing the property of completeness found below.
The difficulty sometimes is that authors do not distinguish the

various types of consistency in their treatment of the subject. At
any rate, one should look at the way the author has defined his
use of the term consistency and see if it complies with the infor-
mation found here. We can bet that when a writer uses it, it means
syntactic consistency.

In relation to theories, some define a theory to be a set of consis-
tent sentences.

The most useful result is that FOL as a theory is consistent!

4.3 Completeness

If what makes Γ TRUE also makes ϕ TRUE, then completeness states
that there is a deduction from Γ to ϕ. Often it is stated as a meta-
theorem (again) this way

Γ |= ϕ⇒ Γ ` ϕ

This is misleading as if nothing more needs to be said about Γ. The
assumption in most textbooks in the process of proving complete-
ness of a logical system is that the set Γ is syntactically consistent.
That should be made explicit for after all as the symbol to the left
of the⇒ suggests the existence of a model. In DeLong 4 there is a 4 Howard DeLong. A Profile of Mathe-

matical Logic. Dover Books on Mathe-
matics. Dover Publications Inc, 31 East
2nd Street, Mineola, NY, USA, 1998

concept called essential completeness which means that it is possible
in the said system to express the truthfulness or falsity of every
sentence in the system. This pertains to truth functions as specially
seen in PL. It is said that deductive completeness is when there is no
true sentence that is not also a theorem of the system. To put it an-
other way, all true sentences are theorems of the system. The above
meta-theorem then complies then with deductive completeness,
that is what the meta-theorem is saying
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Like in consistency, there is such a concept of completeness that
pertains to theories (see Margaris 5). A theory T is negation complete 5 Angelo Margaris. First Order Mathe-

matical Logic. Dover Books on Mathe-
matics. Dover Publications Inc, 31 East
2nd Street, Mineola, NY, USA, 1990

iff for all sentence σ, either σ or ¬σ is a theorem of T. A theory T is
absolutely complete iff for all sentence σ such that T 0 σ implies that
T ∪ {σ} ` ⊥. This means an absolutely complete theory cannot be
enlarged anymore without upsetting or breaking the harmony of
the theory. Hence, increasing the number of proper axioms makes
the theory unstable, i.e, causes the system to collapse or crumble.

4.4 Independence

This idea is connected to the proper axioms of a theory. It is said
that θ is independent iff Γ 0 θ. Hence, θ is not deducible from the
proper axioms of a theory. This is an aesthetic feature more than
anything else. If θ is made to be a proper axiom of a theory, it does
no harm to the theory, it is just redundant. That is not an issue
at all. This idea is also a source of confusion amongst computer
scientists. Some of them make a big deal about this as if it is a
diabolically wicked scenario.

There is a meta-theorem whihc states that if a theory T is known
to be consistent, then θ is independent iff there is a model for Γ (the
proper axioms of T) but θ is not true in this model.

Another meta-theorem is that θ is independent of theory T iff a θ

or ¬θ is both consistent with Γ.

4.5 Categoricity

Categoricity pertains to equivalence or identicalness of models. First
there is the notion called isomorphic models which means that if
we take two models, there is a one-to-one correspondence to their
elements and they both preserve the truth of sentences. Hence a
system (a theory) then is categorical iff its models are isomorphic to
each other.

This isomorphism is defined formally this way in Enderton 6: 6 Herbert B. Enderton. A Mathematical
Introduction to Logic. Academic Press,
525 B Street, Suite 1990, San Diego,
California 92101-4495, USA, 2001

1. Assume we have models (structures) U, B.

2. Assume there is a one-to-one mapping i : |U| → |B|.

3. Let the any predicate P ∈ U with < a1, a2, ...an >∈ U. Assume
further that it is the case that if we have < a1, a2, ...an >∈ PU we
also have < i(a1), i(a2), ...i(an) >∈ PB and vice versa.

4. Let function f ∈ U such that i( f U(a1, a2, ...an)) = f B(i(a1), i(a2), ...i(an))

5. For constant symbol c ∈ U it is the case that i(cU) = cB.

If such is the case, the two models are said to be isomorphic and is
written U ∼= B

Categoricity is a nice property of a theory because it means that
terminology and notation are not relevant to the system. Since KR
only consumes logical systems, categoricity does not play much
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of an important property to have. However, it is included here for
awareness.

Categoricity is related to completeness of a theory. There is a
meta-theorem that a theory is complete iff every sentence σ of the
theory is true in a model of the theory it is also true in the other
models of the theory.

4.6 Decidability

A theory T is decidable iff for a sentence σ there is an effective
method, a procedure or algorithm that allows us to check if Γ ` σ,
with Γ being the proper axioms of T. What is confusing is that
some connect decidability with completeness on the basis of FOL

but this is not always the case. Almost always, in our human frailty,
careless notions that completeness implies decidability is enter-
tained.

Another confusion is that decidability means deducibility (prov-
ability). This is not true. Decidability simply says we can put the
algorithm (since it is such) into a machine so the machine can me-
chanically check if we have Γ ` σ and it is guaranteed to terminate
in our life time. An undecidable theory does not mean σ is not
provable from Γ, no. It only means there is no algorithm we can put
into a machine to ascertain deducibility. This is a common miscon-
ception committed by computer scientists.

Of course, completeness may be employed to prove the decid-
ability of T, but an "incomplete" theory may be decidable too!

How did logicians prove the undecidability of FOL? They do
this by resorting to a technique called reducibility. They look at a
problem they know to be unsolvable. For example let P the class of
problems we know are not solvable mechanically. Assume they are
solvable, let Solv the predicate, hence Solv(P). They establish that
Solv(FOL) ⇒ Solv(P). So by contra-positive, since they know that it
is the case that ¬Solv(P) then it is the case that ¬Solv(FOL).

4.7 Axiomitizability

Consider Σ to be a set of sentences, consider now any sentence σ

such that Σ |= σ, consider now this set of sentences {σ|Σ |= σ},
then if T is a theory such that T = {σ|Σ |= σ}, we say that T
is axiomatizable. If the set of σ sentences is finite, then it is called
finitely axiomatizable per Enderton 7. 7 Herbert B. Enderton. A Mathematical

Introduction to Logic. Academic Press,
525 B Street, Suite 1990, San Diego,
California 92101-4495, USA, 2001

A set A of sentences is said to be effectively enumerable iff there
is a method/procedure/algorithm that given any sentence σ it
answers "yes" iff indeed σ ∈ A.

A first order theory is formal iff the proper axioms of a theory are
decidable.

We introduce axiomitizability because it has a very strong rela-
tionship with decidability.
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4.8 Discussion

We now come to some of the puzzling speech acts that happen
amongst computer scientists that relate to logic. Below are a sample
we have collected along the way:

1. "How can FOL be complete and only semi-decidable"? Semi-
decidable means that if the statement σ is in reality true, the
algorithm will detect this, and if it is false, the algorithm may not
finish or comeback hence, the answer is not a definite "no", but
the answer is "don’t know". Further we need to look at the full
blown facilities of FOL versus some tamed or constraint aspects
of FOL. The problem is that people employ sloppy language in
their speech. To speedily illustrate this, there are some so called
"fragments" of FOL that are decidable. Decidable here means
that if the statement is true it will return "yes" and if it is false, it
will return "no", nothing in between. These so called "fragments"
have been held back in expressiveness. For example, it may only
allow for binary relations or predicates, thus P(x, y, z) will not be
allowed because this predicate is ternary, But if the language is
now constrained is it still FOL? The answer is "yes" in one sense
and "no" in another. Yes in that it obeys the syntactic rules of
FOL, but no in that it is strictly less expressive than FOL. Per-
haps FOL should be a term that is strictly applied to the whole
capabilities and features of FOL and other than that, it should
not be applied. Case in point is that propositional logic (PL) is
subsumed in FOL but we dare not refer to it as FOL. However
computer scientist of some sort without perhaps intending, think
that since FOL is quite vast, that is the only thing worth studying
and nothing else matters. Care should be taken in discussion; I
for one leaned never to assume because FOL is not the only logic
out there (as a formal language at least).
Another point is that completeness and decidability may be re-
lated but the relationship is rather tense or shaky. We can not say
that the two are the same concepts. Completeness says that every
statement that is true is actually a theorem in FOL. Decidability
pertains to presence of an effective method or mechanized algo-
rithm that allows us to say if a statement σ is a theorem or not
a theorem. It is better to dwell into theories rather than in the
realm of logics. This is illustrated by the next point.

2. "How can FOL be complete while some theories based on it may
be incomplete". In my opinion this is more baffling. The reason
is that the word complete is taken in two senses, completeness of
a logic v.s. completion of a theory and the definitions on these
are different. For the case of a logic, what it means is that it can
prove any true statement. Hence, it has reference to truth. For
a theory, it is complete iff given a statement ϕ, either it proves
ϕ or it proves ¬ϕ (see Section 4.3). Hence for a theory it has
something to do with provability, it can prove a formula or its
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negation. However a source of confusion is when talking to some
computer scientists about logic and since they assume FOL they
assume the logic you are talking about must be complete. Again
since FOL is not the only logic out there, one should not presume
completeness.
Ac concrete example is the abelian group with 4 elements AG4,
found in Margaris 8. There is statement legal in AG4 which is 8 Angelo Margaris. First Order Mathe-

matical Logic. Dover Books on Mathe-
matics. Dover Publications Inc, 31 East
2nd Street, Mineola, NY, USA, 1990

modeled by one structure but is not modeled by another. Hence
AG4 is incomplete. Yet it is decidable easily because it has finite
elements.

3. If I add a new axiom to a theory it must be an axiom which
is should be of course undecidable in this theory!. Notice how
confident the assertion happens to be. Something is going on
in this statement. Firstly it presumes that a theory must be ax-
iomatizable, or the word "undecidable" is given a spin different
of course from its normal meaning. Undecidability (for the nth
time) means that there is no effective method or algorithm that
will detect if a statement σ is a theorem. It does not mean it is
not provable. Provability is not the same as (un)decidability and
this seems to be where the confusion is happening, the statement
is confusing the two to be identical. A thing may be undecidable
but with a bit of genius, one may find a deduction sequence that
leads to σ based on Γ and the calculus. This statement assumes
that a theory must be non-axiomatizable all the time, but this is
not true.

4. Being consistent is nice but not enough since your system /
model will still have undecidable propositions. From a com-
puting view, it is a greatly desirable to have decidability but
the situation is not dire if we do not have it. Group theory is
undecidable but even now progress is still being made by math-
ematicians on this subject despite its undecidability. However
consistency is and should be a priority. Something else is going
on in this statement, it seems to be dwelling on Gödel’s results
in number theory. However, number theory is not always the
one that is in view when one is talking about logic in general
and further, if number theory is consistent, there are statements
not provable in the theory itself. Even at that, does that mean
number theory is proven to be consistent? This is still an open
question. I can only suspect once again that the statement is
equating (un)decidability with (un)provability.

5. Therefore the only meaningful way to add an axiom is to make
sure (e.g. to demonstrate first) the axiom you want to add is un-
decidable within the formal system. This remark was given by
the same individual as above. So we beg the question, a theory is
decidable or undecidable, it can not be in between. Decidability
means the determination of theorems can be placed in a ma-
chine, undecidability means you can not; yet we said that is not
exactly bad, you just need to work manually on theorem discov-
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ery. We further ask, what if a theory is decidable then whatever
you ask it can be determined so where does this remark leads?
It seems to say then that decidable systems are trivial, which
contradicts the previous remark as that remark wants more than
consistency, it implies we should have decidability as well. In
this case, I can only surmise that the word "undecidable" found
in the remark is not being used in its normal textbook sense.

The figure below was taken from Enderton 9. The diagram 9 Herbert B. Enderton. A Mathematical
Introduction to Logic. Academic Press,
525 B Street, Suite 1990, San Diego,
California 92101-4495, USA, 2001

shows the relationship of axiomatizability, completeness and de-
cidability.

Figure 4.1: The Relationship of Ax-
iomatizability, Completeness and
Decidability
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Conclusion

In this little track we covered fundamental properties or angles
from which a logical system can be analyzed. These properties are
standard concepts that are discussed in the literature and thrown
around in conversation. The aim is to introduce them and by hav-
ing the fundamental knowledge hopefully clarify some of the puz-
zlements we encounter in talking about FOL. The theme of un-
derstanding some of these puzzlements seems to revolve around
grasping the idea of theories. Why some are decidable and not
complete or why is something complete at the same time not decid-
able etc. can be understood by looking at the properties of theories.

We also have alluded to the fact that some definitions or terms
are not as clearcut as they are to be desired. These are compounded
by the loose way computer scientists use the terms employed by
mathematical logicians. There is a point where in simplification or
too much of it, creates confusion rather than clarification. In fact it
can be inappropriate at times as it can mis-represent ideas for those
entering the field of logic in computer science.
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